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A simple model for calcuiating the Ruderman-Kittel-Kasuya-Yosida exchange interaction 
between layers of a magnetic rare-earth (RE) metal separated by yttrium is presented. The 
calculation is semiphenomenologicaI and makes use only of previously measured or calculated 
quantities. It is valid when the thickness of the magnetic RE layers is much smaller than that 
o~ the Y layer~. The coupling is found to be of fairly long range and to be consistent in sign 
WIth the ordenng observed in Gd-Y superlattices. For the actual case of comparable laver 
thickn~sses, a discu~sion of the s~per1attice wave functions is given. We show that our ;imple 
model IS very plaUSIble for constItuent metals with simple band structures. For the actual band 
structure of Gd, eigenstates that are evanescent in the Gd region may provide a justification of 
our model and account for the agreement with experiment. Further theoretical and 
experimental work is necessary for understanding these systems. 
i. INTRODUCTiON 
It was pointed out l a long time ago that the magnetic 
properties of the heavy rare-earth (RE) metals can be un-
derstood in terms of a simple physical picture: The magnetic 
system of these metals is a lattice oflocalized, usually triposi-
tive ions with. moments corresponding to the unfilled 4/ 
shell. The 4f electrons are exchange-coupled to the conduc-
tion electrons contributed by the 5d and 6s sheHs, and this 
leads to a Ruderman-Kittel-Kasuya-Yosida (RKKY) ex-
change interaction between the localized spins. The exotic 
band structures2 of these metals lead in turn to susceptibility 
functions x( q) of the electron gas that are quite different 
from the X(q) of free electrons, and this has two conse-
quences: (a) a richness in the variety of the magnetic struc-
tures of different RE metals, and (b) a longer than usual 
range of the RKKY interactions in many of these metals. 
It seems dear that the RKKY interaction is a prime 
candidate for interpreting the magnetic properties of the RE 
metal supe:rlattices that are currently being investigated, and 
a first step in that diretion, which is largely based on a pre-
vious publication,3 is the object of the present paper. Consid-
er a superlattice of repeating bilayers AMBN , each bilayer 
consisting of M atomic planes of a magnetic RE metal A and 
N atomic planes of a nonmagnetic RE metal B (we shall 
refer to the components AM and EN of the bilayer as arrays, 
and use the term layer to denote a single atomic plane). It 
has been found experimentally4.5 that the magnetization 
shows long-range coherence across the nonmagnetic layers. 
The question that will be addressed here is the magnitude 
and spatial dependence of the RKKY interaction between 
adjacent layers A M through the intervening B N layer. As the 
RKKY interaction has provided a good understanding of 
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the magnetic properties of pure RE metals, one would hope 
eventually to achieve a similar understanding in the super-
lattices. 
Sections II and III deal with the specific cases of Gd-Y 
and Dy-Y multilayers. Section IV discusses the nature of the 
superlattice eigenfunctions and provides a partial physical 
basis for our model. 
Ii. THE Gd~Y SYSTEM 
A first-principles way to proceed would be to do a self-
consistent band-structure calculation for the superiattice, to 
calculate the s-f exchange interactionj'f with this composite 
band structure, and to finally calculate the RKKY range 
function of Gd moments through a Y layer. While such a 
calculation is probably necessary for a real understanding of 
this system, here we will give a phenomenological calcula-
tion making use of a simple model that is based on some 
observations of the system, and on physical intuition. 
First, because Gd and Y have very similar lattice param-
eters, the strain in the superlattice (which is grown normal 
to the hexagonal planes) will be small and the values of the 
lattice parameters will be similar to those of bulk Gd or Y. 
Second, even for values of 111 and N as small as 3 and 5, the 
measured Curie temperatures are found to be close to that of 
the bulk,6 and deviations from this value can be understood 
by assuming that the exchange interactions between Gd ions 
in an array are the same as in bulk Gd, and by taking into 
account the finiteness of the number of layers in the array 
and the fact that the RKKY interactions in Gd are of moder-
ately long range.7 It is as though the propagation ofthe con-
duction electrons through the superlattice does not affect the 
magnitUde of the exchange coupling between two Gd ions 
when they are both in the same array of M layers. It seems 
reasonable then to assume that the exchange coupling 
between Gd ions in adjacent arrays, which takes place 
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through the intervening Y layers, is also not affected by the 
superlattice band structure. To be sure, it may be risky to 
draw a conclusion about the RKKY coupling, which is a 
spatially varying quantity and is potentially very sensitive to 
the band structure of the multilayer, from the fact that the 
Curie temperature, which is a measure of an averaged ex-
change, is constant. 
Based on these observations we can now make a simpli-
fied calculation of the coupling between two Gct atomic lay~ 
ers separated by N layers of Y (the method is not directly 
applicable to Gd layers beyond the interface): We compute 
this coupling as if (a) the two Gd layers are embedded in an 
infinite Y matrix, and (b) the s-J exchange interaction on a 
Gd ion is the same as it is in bulk Gd. As will be seen below, 
by making these two assumptions we circumvent the need to 
do any a priori calculations, and the coupling across Y layers 
can be simply calculated by making use of existing measure~ 
ments of J(q)Gd in bulk Gd and of published calculations of 
X< 'I) Gd and X( q)y, the wave~vector-dependent susceptibili~ 
ties of Gd and Y. (The subscript on a physical quantity indi-
cates the metal to which it refers.) 
A good discussion of indirect exchange interactions in 
the rare-earth metals, which can be consulted for general 
background and notation, is given in the review article by 
Freeman2 ; Briefly, consider J(q), the Fourier transform of 
the exchange interaction between two localized spins. In the 
usual approximation of replacing the k- and k' -dependent s-f 
exchange integraljsAk,k') by fif( 'I), which depends only on 
q = k' - k, the quantity J( q) Gd is given, to within a numeri-
cal factor, by 
J(q)Gd = Usf(q)Gd 12x«OGd . (1) 
The two assumptions made above amount to the follow-
ing ansatz for the exchange coupling function J(q)Od_Y of 
Gd ions in a Y matrix: 
(2) 
Once J( q) Gd-Y :is known the interplanar coupling is calculat-
ed as follows: Since the hexagonal layers are stacked normal 
to the c axis, only a knowledge of J( q) where q is along the c 
axis is needed. Bearing in mind that the hcp structure is 
made of two interpenetrating simple-hexagonal lattices, the 
distance between adjacent planes is e12, where c is the primi~ 
tive displacement. The interlayer exchange interaction J(N) 
between layers that are a distance (N + 1 )c12 apart (or sep-
arated by N layers) is then given by8 
J(N) = ~ J(q) cos [(N + l)cq/2]dq . i21r/c 217" 0 (3) 
The precise meaning of J(N) is that it is the sum of the 
exchange interactions between each spin of one Gd layer and 
any given spin in the other Gd layer. It is essentially the 
coupling coefficient between layers considered as sublat-
tices. 
We now return to the determination of J(<<OGd'Y' The 
function J(q)Gd for q along the c axis was measured in Ref. 
7. The susceptibility functions X (q) for Gct and Y were cal-
culated in a paper by Liu, Gupta, and Sinha.'> For Y, a sharp 
maximum in x( q) at q """ 0.4 X 21T leis predicted. Making use 
of these data, we have numerically calculated J(q)Od.Y by 
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FIG.!. Functions J(q)Od.Y and J{q)(,.d in meV, calculated as described in 
the text. The wave vector q is normal to the hexagonal plane. The maximum 
ofJ(q)Gd.v is at qma, = 0.28 X 21Tlc as deduced in Ref. 2. 
simply multiplying J(q)Od by the ratio X(q)yIX(q)Gd 
which was obtained from the published graphs9 of these 
functions. The resulting J( q) Od-Y shows a maximum at qmax 
= 0.361TX21Tlc, which originates from the maximum of 
X (q)y. Recent experimental work 10 indicates that the maxi-
mum is instead at qmax = 0.28 X 21Tlc. We have accordingly 
modified the calculated J(q)Gd-Y by smoothly shifting the 
peak to the experimental value. The result is shown in Fig. 1, 
together with the J ('I.) Gd of Ref. 7. 
Note thatJ(q) Gd-Y is larger thanJ(q)Gd for allq values, 
which leads us to expect larger interactions across Y layers 
than across the same number of Gd layers. This suggests also 
that the interactions between Od ions in a Y matrix are 
stronger than those in bulk Gd. A recent paperll on Y-Gd 
alloys gives some evidence that this is true: Extrapolation of 
the straight line of Fig. 2 in Ref. 11 to 100% Gd gives an 
ordering temperature of 450 K, which is about a factor of 1.5 
the Curie temperature of bulk Gd. This factor is a rough 
measure of the relative magnitudes of the exchange cou-
plings that take place via the Y and Gd conduction bands, 
respectively. 
By substituting the function J(q)Od_Y in Eq. (3) we 
have obtained numerically the interlayer interactions 
J(N)Od_Y' These are listed in Table I where, for comparison 
purposes, we have also shown the J(N)Gd of bulk Gd. The 
J(N)Od are seen to be negligible for N>5, a fact which pre-
N 
FIG. 2. Range function of the RKKY interaction along the c axis for Gd 
ions embedded in Y. The abscissa shows the number of Y atomic layers 
separating the Gct. The ordinate is f(N) [ or more accurately, the function 
j(z) defined in the text, which equals J(N) at z = eN + I }c!2 J. One verti-
cal division corresponds to 0.025 meV. 
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TABLE I. Calculated interlayer interactions in me V. The J( N} Gd. yare the 
interplanar interactions between single Gd layers embedded in an Y matrix. 
For comparison the J(ft/lod of bulk Gd are listed in the last column. OUf 
values of JUV)Od are haif of those listed in Ref. 2 because the latter lists the 
sum for the two layers on either side of the reference layer. 
Number of 
YlayersN J(N)G<H J(N)Od 
! -0.0027 0.0454 
2 - 0.0253 0.0460 
3 - 0.1792 - 0.0663 
'+ -0.0197 0.0182 
5 0.0245 0.0007 
6 0.0646 O.OCHS 
7 0.0324 0.0002 
8 -0.0039 -0.0030 
9 - 0.0183 0.0037 
10 - 0.Dl74 0.0014 
sumably is due to the structureless character of J(q)Gd and 
the resulting destructive interference in the range function at 
moderately large N. By contrast, the J(N)Gd_Y are more 
than an order of magnitude larger in the range N = 5-10, 
being positive for N = 5-7 and negative for N = 8-10. In 
order to exhibit more fully the behavior of the range function 
for this case, we have calculated, using Eq. (3), the Fourier 
transform of J( q)Od-Y for a continuous range of values of the 
distance z and plotted the result, J [ (z - c/2)/(cl2) lGd-Y 
-=j(z), in Fig. 2. Notice the wen~defined oscillation between 
N = 4 and N = 11, with a wavelength of ..1..= 7(c/2). This 
value of A corresponds to the position of the maximum qmax 
= 0.28 X 21T/C) OfJ(q)Gd_Y' BeyondN = 11, destructivein~ 
terference from the continuum of q values inJ(q)Gd_Y seems 
to set in andj(z) remains appreciably smaller. 
The work of Majkrzak et al.5 has shown that for separa~ 
tions of N = 6 and N = 10, successive arrays of Gd order, 
respectively, paranel and antiparallel to each other. As seen 
in Fig. 2, the observed signs of the coupling are consistent 
with our calculation. 
m. THE Dy~Y SYSTEM 
In the case that the magnetic component of the super]at~ 
tice is ferromagnetic (such as Gd) and if interactions 
between Gd arrays that are beyond nearest neighbors are 
neglected, then the coupling through the intervening Y can 
only lead to parallel or antiparallel ordering in the supedat~ 
tice. However, the RKKY interaction can also lead to long~ 
range coherence between helical configurations of spins as 
observed in the work of Salamon etal.4 in Dy-Y multilayers: 
Consider a Dy array next to an Yarray. The exchange field 
induced at a Y lattice site will. be the vector sum of the ex-
change fields induced by all the atomic layers ofDy. Since 
the directions of the moment in successive Dy layers differ 
by the pitch angle in Dy, these exchange fields at an Y site 
will point in correspondingly different directions and also 
have different phases. Because of these phase differences the 
total exchange field will have the character of an elliptically 
polarized field as it propagates through the Y medium. The 
direction of rotation is determined by the helicity of the mag~ 
netization in the Dy array. As the exchange field reaches the 
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next Dy array, it acts on this array with this same direction of 
rotation and thus causes the helicity in this array to be the 
same as in the preceding Dy array. In this way, the RKKY 
coupling can lead to long-range coherence of helical order-
ings in multiIayers. We are not prepared to say whether this 
is the actual explanation of the results of Ref. 4, but only that 
it offers an alternative explanation for what we believe is still 
an open question. 
We have used our model to compute the magnitude and 
the angle () that the exchange field at an Y layer makes with 
the direction of the moment at the Dy interface. For simpli~ 
city, only the RKKY contributions from the two Dy layers 
closest to the Y were included. The exchange coupling func~ 
tion of Dy, 12 multiplied by the ratio ofthe susceptibilities of 
Y and Dy. was llsed to calculate the exchange fields at the Y 
sites. Figure 3 shows the angle e at successive Y layers. It is 
seen that e increases by 360 0 in approximately seven layers, 
which. as expected, corresponds to the value of qmax of the Y 
susceptibility. The wiggles in the curve result from the inter-
ference of the two maxima ofJ (q) in Dy (Ref. 10) and spoil 
the simple picture of a smoothly increasing rotation angle. In 
the event that the magnitude of the coupling field for the 
actual value of N in the sample is very sman there may even 
result a loss of long-range coherence. The magnitude of the 
exchange field is of order 11 and 4 kG at separations of 9 and 
13 layers of Y, respectively. We emphasize that these 
numbers are obtained with our very simplified model and 
can be taken only as possible guides. 
IV. DISCUSSION 
This section will be in two parts. The first, mathematical 
in character, will give the expression of the range function 
for a 8-function interaction of the RE moments with the 
conduction electrons. The second will be of a qualitative na-
ture and it wiU give arguments that provide a physical foun-
dation for our simple model. 
( 1) In a superlatti.ce, x( q) is not a very useful quantity 
because the unit cell has at least m + n atoms. So, we will 
calcula.te the range function directly. Assume that a spin Ss 
located at lattice point i"., interacts with the conduction elec~ 
trons (Sj ;r j ) according to 
30J 
~ I ~ 200' 
;!' 
<t> 
100 
~~~2--~4--~3~~8--~10~~1~2--1~4~~iS~~le~~20 
Ny 
FIG. 3. Tum angle B of the exchange field seen by a Dy atomic iayer sepa-
rated from the previous Dy array by Ny atomic layers ofY. The values of e 
have physical meaning only at integ!:al values of Ny. e, which is continuous, 
is plotted modulo 217. 
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JY" = ASs' 2,s j 8(r j - fs) . (4) 
i 
The interaction of Ss with a similar spin Sf located at f f and 
having the same interaction with the conduction electrons is 
the RKKY interaction, and it is given by 
(5) 
The nonlocaI susceptibility function X can be derived by a 
Green'a-function method given by de Gennes13 and the re-
sult is 
x tj;,,« (r[ )¢~" (rs )¢n'''': (rs )¢': .. , (r,) . (6) 
En'I<' -En" 
where the <Pn", (r) are the electron wave functions of the su-
perlattice,/"" is the occupation factor, and Ell'" the energy. 
The <PnK are normalized to the volume Vofthe supedattice 
(i.e., they are dimensionless and of order unity). For free 
electrons X depends only on Irf - fs I and reduces to the stan-
dard result. 
In superlattices we are interested in the coupling 
between basal planes, Le., in the sum of the interactions of a 
spin Sf in a given plane with all the spins Ss (which are 
parallel to each other) in another plane. Because of the fac-
tor ¢!K Cr, )¢m't<' (rs ) in Eq. (6), the sum over rs vanishes 
unless Kx = K~ and Ky = K;. The result is 
. dl\.dK; L Ss 'S[x(r[,rs ) = (Ss 'Sf)4 Re L L j 2 4 
s "n' a (217) 
X/no< (I - f.'t<' ) 
where a Z is the area ofthe unit cell in the basal plane, Finally 
the exchange constant J(N) defined in Eq. (3) is equal to 
1 A 2 
J(N) = -- Lx(rf,ls) , (8) 
2 4 s 
where the summation is over the lattice sites Ts lying in a 
layer separated by N layers B from the layer in which l'f lies. 
The sum in Eq. (8) is given by Eq. (7). The relations (6)-
(8) are valid for arbitrary l[ and 1's' Le., they can each be 
independently in an A or B array. The interaction given by 
Eq. (8) assumes that the so/interaction is a constant in K,K' 
space as follows from the o-function character of Eq. (4), 
but otherwise it includes all the band-structure effects on the 
interaction, which is what we are interested in here. 
Because the right-hand side ofEq. (6) depends on the 
amplitudes of the wave functions and on energy denomina-
tors which are small for the important contributions, it is 
absolutely essential to calculate the wave functions self-con-
sistently. With the values ofm and n in the range 5-10 which 
is typical in current work, such a calculation is exceedingly 
laborious, and so we give next a physical discussion of the 
nature of the supedattice states which provides some insight 
into and justification of our simple model, 
(2) We first discuss a simple case: A superlattice whose 
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two constituents A and B are nearly free-electron metals. 
Figure 4 shows the cross sections of the Fermi surfaces of A 
and B in the yz plane after the Fermi surfaces have been 
aligned. At ky = 0, the values of k z are k! and k z in A and B, 
respectively. Because of the conservation of kv, the value of 
the superlattice wave vector K z at the Fermi level can be 
obtained by doing a one-dimensional superlattice (SL) band 
calculation. We have carried out such numerical calcula-
tions, and the result is that the value of KSL is determined by 
the ratio min; the larger this ratio, the closer KSL to k l • This 
hardly unexpected result holds for an k y , and as a result the 
Fermi surfaces of the supedattice in the extended zone will 
He between the Fermi surfaces of A and E. Its cross section is 
shown schematically in Fig. 4, including a few of the discon-
tinuities at Bragg planes. The superlattice state of a given 
energy has component wave functions of the same energy in 
the arrays of A and B. 
The energy of a state in A with a value ky > k3 (see Fig. 
4) is above the Fermi energy and as a result such states are 
unoccupied in the pure metal A. However, in metal E, states 
with values of ky up to k4 are occupied. In the superiattice, 
states with Ky values larger than k3 are allowed. For these, 
the value of k z (A) will be pure imaginary, k z (A) = ikz so 
that the corresponding kinetic energy will be negative. These 
states are evanescent in the A array but since each array has 
only a few atomic planes, for sufficiently small kz' these 
states will be as important as the purely propagating states. 
It will be seen below that such states may be crucial in deter-
mining the properties of the range function in the yttrium 
arrays. 
One of the two key features ofthe RKKY oscillations is 
their periodicity, and the other is their amplitUde. The peri-
odicity is determined by the calipers of the Fermi surface 
along the direction of the interaction line (z direction here). 
Referring again to Fig. 4, the Fermi surface calipers for met-
als A and B occur at ky = 0 and are, respectively, 2kl and 
2k2 • In the superlattice, the caliper is 2KsL , as follows from 
.::l ............... " revanescent state 
__ 1-- kz.ikz 
FIG. 4. Cross section of the Femmi surface of a hypothetical superlattice 
having llearly-free-electron metals A and lJ as constituents. The dashed and 
dotted lines refer, respectively, to the Fermi surfaces of the bulk A and lJ 
metals; the solid line, drawn qualitatively, refers to the superlattice. z is the 
direction normal to the layers and a few of the Bragg plane discontinuities 
are shown. k is the wave vector in the isolated constituents A and B, K is the 
wave vector in the extended zone of the superlattice. The upper dashed 
curve corresponds to values of ky for which the superlattice eigenfunctions 
are evanescent in the A arrays. 
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FIG. 5. The Fermi surface for holes in Gdafter Ref. 14. Actually this figure 
pertains to the surface for holes in 1:"'. It is very similar to the Gd surface 
shown in Ref. 2 and according to the comments on p. 674 of Ref. 14 it is the 
surface for Gd. In any event, our reason for showing it in preference to the 
figure of Ref. 2 is that it is clearer. 
Eq. (7). But the supedattice states with wave vector KSL 
have component wave functions with wave vector kl and k2' 
respectively, in arrays A and E. Since the periodicity of the 
oscillations in A or B is characterized by k\ and k2• it follows 
that the RKKY oscillations corresponding to KSL will have 
periodicities 2kl and 2k2 in A and E, respectively, Le., the 
same periodicities as in the separate bulk metals (this holds 
as long as the pseudopotentials in each array are not changed 
from what they are in the bulk metal). For the simple energy 
surfaces of Fig. 4 our simple model is thus justified. 
To see whether such corresponding states (Le., like 
(k1,O) inA and (kz,O) tnB] are actually occupied in the Gd~ 
Y superlattices, we now examine the Fermi surfaces of these 
metals. Figure 5 shows the Fermi surface for holes in the 
double-zone representation for Gd. '4 The important parts 
for our purpose are the arms that extend from the trunk 
around the point L. In Y, these arms are joined by a web~ 
bingl5 which fills the portion of the plane ALH between the 
two arms and extends some distance above and below this 
plane. The value of qz from one surface of the webbing to the 
other at its narrowest portion is believed 15 to be the source of 
the peak at qrna]{ = 0.28 X 211/ c in the susceptibility function 
of yttrium. Note that in Gd, the holes in the region of this 
webbing are at an energy above the Fenni level. The situa-
tion is thus analogous to that of the nearly-free-electron case 
in the region of k space between ky = k3 and ky = k4 • There, 
we made the argument that for k3 < ky < k4' evanescent 
states in A arrays make it possible to have regions with 
k3 < ky < k4 occupied in the supedaUice (we are talking 
about holes here, but it makes no difference). As a result the 
region of the webbing of the Y Fermi surface that is occupied 
in bulk Y will be occupied (in part or in whole, depending on 
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considerations involving the whole of the Fermi surface) 
also in the snperlattice, and the states in this region of the 
zone will have evanescent character in Gd. No doubt be~ 
cause of the dependence of the strength of the interaction on 
the amplitudes of the wave functions at the Gd sites as ex-
pressed in Eq. (7), the strength of the coupling in ~he super~ 
lattice may be quite different from that in pure Y. This dis-
cussion then provides a physical argument in support of our 
simple model in Gd~ Y superlattices. It was suggested by Dr. 
Mark Hybertsen that de Haas-van Alphen measurements 
on the superlattices might give valuable information con~ 
cerning this point. One final comment about the agreement 
of the signs of the calculated range function with experi-
ment, as shown in Fig. 2: This agreement does not require 
that qmaz in the supedattice be precisely equal to its value in 
bulk Y; a deviation of ± 15% would still give agreements 
because the periodicity of seven lattice planes is so long. 
In conclusion, it is hoped that this paper has given a 
qualitative introduction to the understanding of RKKY in-
teractions in superlattices, and that it will stimulate further 
theoretical and computational work. In particular, a treat-
ment based on the shapes of the energy surfaces in the vicini~ 
ty of the L point in the zone might provide a useful beginning 
in that direction. 
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